In this paper, based on a non-Hermitian toric-code model, we surprisingly find that the degeneracy of ground states can be changed by a local non-Hermitian perturbation (even in thermodynamic limit). We call it non-Hermitian avalanche effect. As the physics consequences of the non-Hermitian avalanche effect, a correspondence between bulk quasi-particles and topologically protected degenerate ground states for Z2 topological order is borken down. In addition, the PT symmetry breaking transition of the topologically degenerate ground states subspace can be observed by fidelity susceptibility.
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I. INTRODUCTION
Recently, there has been a lot of activities in the research on non-Hermitian topological systems , including non-Hermitian topological insulators, non-Hermitian topological superconductors, and non-Hermitian topological semi-metals. After considering the non-Hermitian extensions of the usual topological band systems, quantum exotic effects are uncovered, such as the fractional topological invariant and defective edge states [6, 17] , non-Hermitian skin effect [14, 21, 24, 35, 37] , and the breakdown of bulk-boundary correspondence [11, 14-16, 30-32, 34, 37] . In addition to the research on non-Hermitian topological band systems, the non-Hermitian extensions of intrinsic topological orders that are manybody topological systems with long range entanglement are studied [39, 40] . In Ref. [39] , the non-Hermitian strings and the breakdown of the correspondence between bulk quasi-particles and topologically protected degenerate ground states are discovered. In Ref. [40] , a continuous quantum phase transition without gap closing was explored that occurs in non-Hermitian topological orders together with the breakdown of the Lieb-Robinson bound.
Therefore, one must give it careful reconsideration on the non-Hermitian extensions of topological stability for intrinsic topological orders. It was well known that for the topological ordered states, due to the existence of energy gap, the ground states are robust. The degeneracy of the ground states depends on the topology of the system and is also robust against any small and local perturbations. Topological phase transition between topological ordered states and trivial states may occur when the perturbations become large enough and are beyond certain thresholds.
In this paper, we will study topological stability for intrinsic topological orders under non-Hermitian perturbations by taking the non-Hermitian toric-code model as an example. The effect of non-Hermitian avalanche for a * Corresponding author; Electronic address: spkou@bnu.edu.cn designed toric-code model is uncovered: for the designed toric-code model with special external fields, a tiny non-Hermitian perturbation (local imaginary state selective dissipation) leads to anomalous topological degeneracy and the breakdown of bulk-degeneracy correspondence (a correspondence between bulk quasi-particles and topologically protected degenerate ground states).
II. TOPOLOGICAL STABILITY OF (HERMITIAN) Z2 TOPOLOGICAL ORDER
Firstly, we show the topological stability of (Hermitian) Z 2 topological order.
For a Z 2 topological order, there are four types of topological sectors (ground state and three types of quasiparticles), 1 (vacuum), e (e-particle or Z 2 charge), m (m-particle or Z 2 vortex), f (fermion). e-particle and m-particle are all bosons with mutual π statistics between them. The fermion can be regarded as a bound state of an e-particle and an m-particle. All these quasiparticles have finite energy gaps ∆ I , (I = e, m, f). The four kinds of topological sectors is denoted by N = 4 where N denotes the number of topological sector of quasi-particles. When we consider the perturbations on the systems, the energy gaps ∆ I may change slightly, ∆ I → (∆ I ) ′ = ∆ I + δ∆ I (δ∆ I ≪ ∆ I ) and cannot be closed. That indicate all perturbations are irrelevant.
When we consider the system on a torus, the ground states have topological degeneracy. Each degenerate ground state |0 I corresponds to the one by adding a virtual quasi-particle. We can use the basis of sectors of (virtual) quasi-particles to characterize the ground states, i.e., (|0 , |e , |m , |f ) .
(1) This is named bulk-degeneracy correspondence (BDC). We denote the BDC by
where D denotes the number of ground state degeneracy. For a system with infinite size, the four ground states (|0 , |e , |m , |f ) become degenerate with exact zero energy splitting. When one considers the perturbations on the systems, the degeneracy of the four ground states doesn't change. In Ref. [41] , it is pointed out that the topological-order classes are stable against any small stochastic local transformations and there exists a phenomenon of emergence of unitarity. We use the Kitaev's toric-code model as an example to illustrate the topological stability of (Hermitian) Z 2 topological order. The toric-code model is an exactly solvable spin model, of which the Hamiltonian iŝ
where A s = i∈s σ x i and B p = i∈p σ z i , the subscripts s and p represent the vertices and plaquettes of a square lattice, respectively. In this paper, we set g ≡ 1. For the toric-code model, the ground states are defined as A s |ψ g = |ψ g , B p |ψ g = |ψ g for all A s and B p . Furthermore, the elementary excitations are defined as A s = −1 and B p = −1.
The quantum states of Z 2 topological order are characterized by different configurations of strings,Ŵ (C) = i∈C σ αi i where σ αi i is α i -type Pauli matrix on site i and i∈C is over all the sites on the string along a loop C, i.e., |Φ = C a CŴ (C)|0 where |0 denotes the spin polarized states with all spin down (|↓↓, ..., ↓ ),Ŵ (C) denotes the possible string operators, and a C is weight of the string operator. The different configurations of open strings correspond to different excited states of different quasi-particles. For e-particle/m-particle, the string connects the nearest neighboring odd (even) sub-plaquetteŝ
where the product i∈C is over all the sites on the string along a loop C connecting odd-plaquettes (or evenplaquettes), s c = z and s v = x. The string for f-particles is defined asŴ
where s f = y. We point out that the local perturbations on the Z 2 topological order just locally, and slightly deform the string configurations but can never change the degeneracy of ground states. In addition, for the toric-code model, the dissipation effect had been studied in Ref [42] . The results show that small dissipations cannot change the ground states. As a result, the degenerate ground states make up a protected code subspace and can be regarded as topological qubits to do possible topological quantum computation [44] . 
III. DESIGNED TORIC-CODE MODEL AND ITS DEGENERATE GROUND STATES
In this section, we introduce the designed toric-code model, of which the Hamiltonian is expressed aŝ
whereĤ
Here, h x , h z and h ′ x are real parameters, and h ′ x is a small real parameter. The dominating external fields are applied only on two crossing lines (L 1 and L 2 ). In addition, the auxiliary external fields are applied on L 3 . See the illustration in Fig.1 .
i∈L3 σ x i drives the m-particle without affecting fermion and e-particle along L 1 string and L 3 string, respectively.
The term h z i∈L2 σ z i drives the e-particle without affecting fermion and m-particle along L 2 string.
The ground state forĤ T C is a Z 2 topological order [44] [45] [46] . The ground states have topological degeneracy, i.e., different topologically degenerate ground states are classified by different topological closed operation stringsŴ a (C close,topo ). The operatorŴ a (C close,topo ) takes on binary values 0, 1 and denotes whether the loops C close,topo belong to the even or odd winding number sectors along the x/y-direction. So, we can use the basis of even-odd parity of the winding number of electric field lines around the torus |m ab , |0, 0 |0, 1 |1, 0 |1, 1 . For a Z2 topological order with 4 degenerate ground states, there exist the following equations that illustrate the relationship between the basis of even-odd parity of the winding number of electric field lines around the torus |m ab (a, b = 0, 1) and the basis of topological sectors labeled by different quasiparticles,
As a result, the bulk-degeneracy correspondence is valid, i.e.,
We use a four-level system to describe the topologically degenerate ground states [46] . After considerinĝ H ′ , three quantum tunneling processes occur:
around the torus. With the help of the high-order purterbative theory, the four-level quantum system of the four nearly degenerate ground states on a 2 * L x * L y lattice (with 2 * L x * L y spins) is obtained
where ∆ = (αh x ) Lx , ε = (αh z ) Ly and κ = (αh ′ x ) Ly (α is real parameter). The eigenvalues ofĤ Lx * Ly eff can be obtained as ±κ ± √ ∆ 2 + ε 2 .
IV. TOPOLOGICAL POISONING EFFECT OF THE NON-HERMITIAN TOPOLOGICAL ORDER
We then take the toric-code model as an example to illustrate the string poisoning effect by considering the non-Hermitian local perturbations. Here, the non-Hermitian toric-code model is defined by adding non-Hermitian external fields,
wherê
Now, we introduce h i = h * i for ith-spin, therefore the Hamiltonian satisfiesĤ ′′ N T C =Ĥ ′′ * N T C . To characterize the quantum properties of the non-Hermitian Z 2 topological order, the (non-Hermitian) dynamic strings were defined as [39] 
where h a i σ a i acts at step i for a-type excitation and the indices a = v, c, f correspond to three types of quasiparticles. For the case of D a (C N ) = D † a (C N ), a dynamical string becomes non-Hermitian. To study its non-Hermitian property, we had introduced the biorthogonal set for the quantum string states of Z 2 topological order.
In this paper, we consider the non-Hermitian model with local non-Hermitian external field on single lattice site i 0 , i.e.,
Now, arbitrary dynamic strings passing through site i 0 (long or short) becomes non-Hermitian,
where C N i 0 means the pathes crossing site i 0 . We call it topological poisoning effect under local non-Hermitian perturabtions. Due to the topological poisoning effect, a local non-Hermitian perturabtion (for example, h i0 at non-Hermitian external field at site i 0 ) may causes highly non-local influence. See the illustration in Fig.2 . The red dashed strings are all non-Hermitian dynamic strings poisoned by the local non-Hermitian perturbations at site i 0 .
V. NON-HERMITIAN AVALANCHE EFFECT

A. Local non-Hermitian perturbation
Now, we consider a particular local non-Hermitian perturbation on the designed toric-code model,
whereĤ In this paper, we focus on the case 1 andĤ ′′ = −h z + ih z σ x i0 . Therefore, The eigenvalues ofĤ Lx * Ly eff can be obtained as E ± = ±κ ± √ ∆ 2 − ε 2 .
B. Spontaneous PT-symmetry breaking
When the site i 0 is on vertical dynamic string L 2 and
where ∆ = (αh x ) Lx , ε = (αh z ) Ly and κ = (αh ′ x ) Ly . The effective HamiltonianĤ Lx * Ly eff has PT symmetry. The eigenvalues ofĤ Lx * Ly eff can be obtained as
When the site i 0 is on vertical dynamic string, for the case of |∆| ≥ |ε|, the system belongs to a phase with PT symmetry, of which E are real and the eigenvectors are eigenstates of the symmetry operator, i.e., PT |ϕ i = |ϕ i . For the case of |∆| < |ε|, E are complex, and PT |ϕ i = |ϕ i . A PT -symmetry-breaking transition occurs at the exceptional points |∆| = |ε|, which leads to the following relation h x = h z when L x = L y . It is clear that |ψ 1 and |ψ 2 compose a pair of PT -symmetry, and |ψ 3 and |ψ 4 compose another pair of PT -symmetry.
The eigenstates |ϕ i ofĤ Lx * Ly eff can be written as
where N i (i = 1, 2, 3, 4) are normalization constant. In the region of PT -unbroken phase (|∆| ≥ |ε|), the normalization constant are obtained as N 1 = N 2 = N 3 = N 4 = 2. And in the region of PT -broken phase (|∆| < |ε|), the normalization constant are obtained as
From the result, one can see there exist exceptional points (EPs) at |∆| = |ε|. In the limit of ∆ → 0, ε → 0 according to the condition of quantum phase transition (|∆| = |ε|), an arbitrary small local perturbation (a local complex external field) causes the quantum phase transition for the ground states. We call it non-Hermitian avalanche effect. In the followings, we show the physics consequences of the non-Hermitian avalanche effect -breakdowns of bulk-degeneracy correspondence for Z2 topological order. 
C. Breakdowns of bulk-degeneracy correspondence for Z2 topological order
To characterize the non-Hermitian avalanche effect, we define the (non-Hermitian) degeneracy D under local non-Hermitian perturbation.
Firstly, we define the overlap of any two of these four nearly degenerate eigenstates as follows,
By inserting Eq.(21) into Eq. (22) , we obtain the overlap as
in the region of PT -unbroken phase (|∆| ≥ |ε|), and
in the region of PT -broken phase (|∆| < |ε|). Then, we define the degeneracy of ground states in this case as D = 4 − O 12 − O 34 . According to the results in Fig.3 , the degeneracy becomes change under the non-Hermitian strength. As a result, the bulk-degeneracy correspondence is broken, i.e.,
D. Fidelity susceptibility of ground state
To confirm the existence of the quantum phase transition from non-Hermitian avalanche effect, we calculate the fidelity susceptibility of ground state. Fidelity susceptibility of ground state can be used to characterize the occurrence of the quantum phase transitions. In this section, we study fidelity susceptibility of a given ground state |ψ i (i = 1, 2, 3, 4) in non-Hermitian toric-code model. The fidelity of ground state in terms of ε can be defined as
The fidelity susceptibility of ground state in terms of ε can be defined as
The behavior of |ψ i of the effective modelĤ
As a result, the fidelity and fidelity susceptibility of each ground state are obtained as
and
In Fig.4 , we plot the fidelity susceptibility of ground states in terms of ε.
E. Numerical calculations of the non-Hermitian toric-code model
To support our theoretical predictions, we do numerical calculations based on the non-Hermitian toric-code modelĤ N T C on 2 * 2 * 2lattice and on 2 * 3 * 3 lattice.
In Fig.5 , we plot the numerical results from the exact diagonalization technique of the non-Hermitian toric code modelĤ N T C on 2 * 2 * 2 lattice with periodic boundary conditions. Fig.5 shows the global phase diagram of PT -symmetry-breaking transition for topologically degenerate ground states. The phase boundary are all exceptional points characterized by the relation (αh x ) 2 = (αh z ) 2 .
In Fig.6 , we plot the numerical results from the exact diagonalization technique of the non-Hermitian toriccode modelĤ N T C on 2 * 3 * 3 lattice with periodic boundary conditions. Fig.6 shows the real part and imaginary part of energy for the four nearly degenerate ground states for the non-Hermitian toric-code model with h x = 0.1 and h ′ x = 0.1 on 2 * 3 * 3lattice, respectively. The numerical results indicate that exceptional points occur when h x = h z , which is consistent with theoretical prediction.
In addition, we calculate the overlap of any two of these four nearly degenerate eigenstates O ij defined as above. We theoretically predict that the overlaps are in PT -unbroken phase. In addition,
in PT -broken phase. In Fig.7 , we present the numerical results from the exact diagonalization technique of the non-Hermitian toriccode model on 2 * 2 * 2 and 2 * 2 * 3 lattices with periodic boundary conditions, respectively. We plot the the non-Hermitian degeneracy as a function of h z for the case of h x = 0.1 and h ′ x = 0.1, which is consistent with the theoretical prediction. The results indicate the degeneracy of ground states may be different from 4. Now, he bulk-degeneracy correspondence is broken, i.e., N (= 4) = D.
In Fig.8 , we show the fidelity susceptibility of the ground state from the exact diagonalization technique of the non-Hermitian toric-code model on 2 * 2 * 2 and 2 * 2 * 3 lattices with periodic boundary conditions, respectively. The results show that the quantum PT phase transition occurs at EPs.
VI. CONCLUSION
In this paper, we study the non-Hermitian avalanche effect induced by a local non-Hermitian perturbation. we investigate the effective models for topological degenerate ground states of the designed non-Hermitian toriccode model by high-order degenerate perturbation theory. In particular, there exists spontaneous PT -symmetry breaking for the topologically degenerate ground states subspace. At "exceptional points", the topological degenerate ground states merge and the topological degeneracy turns into non-Hermitian degeneracy. Therefore, based on a non-Hermitian toric-code model, we surprisingly find that the degeneracy of ground states can be reduced by a local Non-Hermitian perturbation. In addition, the PT -symmetry breaking transition can be observed by fidelity susceptibility. In the end, the influence of non-Hermitian on topological order are discussed.
